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ABSTRACT 

For molecular systems with a relatively small number of degrees 

of freedom internal relaxation processes are described by a non-homogeneous 

master equation for non-diagonal elements of the density matrix. 

theory is applied to internal vibrational relaxation and intramolecular 

rearrangement (isomerization) reactions. The general character and 

certain types of solutions of the master equation are investigated. 

The 
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1 )  i n t r o d u c t i o n  

I n  t h e  t i i eory  of chemica l  r e a c t i o n s  t h e  r e a c t i o n  p ro -  

c e s s  i s  o f t e n  p i c t u r e d  ;IS t h e  conseyuFnce of two i n t e r f e -  

r i n g  mecliLtnisms which mc+y be named e x t e r n ; t l  and i n t e r n a l  

c o l l i s i o n s .  Sometimes one  a l s o  refe1.s t o  t h e  l a t t e r  iiiecii.!- 

r i isrr i  a s  " r e d i s t r i b u t i o n  o f  eneri;y between d i f  f eront d e g r e e s  

of f reedom".  I n  many i n s t a n c e s ,  as i n  t h e  cast' 0.f unimole-  

c u l a r  re : !c t ions and of' b imoleculcir  r e , i c t i o n s  w i t h  l o n ~ - l i -  

v i n e  r e a c t i o n  complexes,  i t  is  the i n t e r n i r l  mechanism 

which p l a y s  t h e  d e c i s i v e  r o l e  i n  t r a n s f e r r i n g  a m o l e c u l e  

o r  supe rn io l ecu le  f rom one  re,.:ion of r e 1 , i t i v e  s t a b i l i t y  

w i t h i n  t h e  c o n f i g u r a t i o n  s p a c e  t o  another. ' the p e r t u r b . i t i o n  

by t h e  extern ' t l  c o l l i s i o n s  o f  a molecul  -ir s y s t e m  can  then 

be assumed t o  remain  Loc: lized w i t h i n  one of i t s  ckiemicdl 

c o n f i g u r a t i o n s ,  with o t h e r  words,  rea&iori  i n  such cases 

i s  v e r y  u i i l i k e l y  t o  o c c u r  as t h e  irnmediL1t.e consequence  of  

a n  e x t c r n < l l  c o l l i s i o n ,  

P i c t a r i n g  t h e  reaction by the  i n t e r n u l  mechiinism was 
'1,293 e x t r e m e l y  f r u i t f u l  i n  t h e  t h e o r y  o f  uriirnvleculttr  r e a c t i o n s  

"0. h .  : ? i ce ,  H .  C .  I.lainsper<;er, J .  A m .  thein. SOC. 

I 4 9 ,  1617 ( 1 9 2 7 ) ,  - 5 0 ,  617 ( 1 9 2 b )  

I { .  A .  P i a r c u s ,  0. I(. ! t ice ,  3 .  P h y s .  Cheni. 

- 55, 894 (1951)  
2)L. S. Kassel, J .  Phys.  C h e m .  - 3 2 ,  Z:?fi ( 1928)  

3)N. B. S l a t e r ,  'rl-ieory of U n i m o l e c u l a r  n c a c t i o n s  

C o r n e l l ,  I thi iCa,  N e w  York, IC)";c), p 22. 

and w e  shall r e f e r  t o  i t  e x p l i c i t l y  t h r o u g h o u t  t h i s  p-lp""- 

One o f  the : i s ~ u r n p t i o n s ,  used i n  s i ' e c i f y i i i y  t i l e  i n t e r n a l  
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iiiecli~inism, is  t h , r t  the r e a c t a n t  inolecu1c.s h i t ) i  intei-n,Ll 

encrtty Ei form a microcanonkal ensemble w i t h  e q u i  l i b r i u i n  

p r o p e r t i e s  ( i .  e.  c o n s t a n t  d e n s i t y  i n  pLiise s p a c e  over 

t h e  react. nt refZion of t h e  ener,yy shel l  . . .Ei+ tlF ,resi). 

corrtntutativi t y  of the d e n s i t y  n i a t r i x  w i t h  t h e  l l a m i l t o n i ~ + n  

o f  t h e  r e a c t a n t - s p e c i e s ) .  This i m p l i e s  tfie e x i s t e n c e  of 

':n i n t r a m o l e c u l . i r  re1 s x a t i o n  p r o c e s s  with ;L re1ax;c t ion  

time sho rt corn;>;: red w i  L t i  t h e  t i n i e  be tween t h e  e x t  e r-niil 

c o l l i s i o n s .  \ i n c e  m o l e c u l e s  have ;L VC'I-V smd11  number of 

tlesrees of f reedom i t  is  n o t  a t  a l l  e v i d e n t  whe the r  and 

under  w l i i c h  c i r c  Imstimces such i n t e r n , . l  r e l n x a t  i o n  mecha- 

n i sms  may be tctkerl 'LS granted . l 'he  r e a c t i o n  p r o c e s s  i t s e l f  

a l s o  neeus  f u r t h e r  c l a r i f i c a t i o n .  P a r t i c u l a r l y  i n  t h e  c<tse 

of an i n t r a m o l e c u l a r  r ea r r angemen t  r e c * c t i o n  (also t e r m e d  

lfisoitierizittiori r e a c t i o n 1 ' )  one rit:..iin makes e x p l i c i t  u s e  

of t i l e  assi imI) t ion t h ' L t  there is a n  intramolecular re1,tx- 

a t i o n  meclt.,nism, s i n c e  o t h e r w i s e  t:ie m o l e c u l e  would remain 

o s c i 1 1 ;, t i ric bti t w e p r i  r eac t a n t  and pro (I 11  c t con f i c;u ra t i on t i 11 

the  e x t e r n a l  c o l l i s i o n s  had darnped t h e s e  o s c i l l & i t i o n s  away. 

I n  t h e  l z i t t e r  czise, however,  a f i r s t  order rate process 

c o u l d  never be  observed . 

i 1 

Froin t h e  v i e w p o i n t  of s t a t i s t i c d  tnec!i : r t i c s  t h e  pro- 

blem of i n t r a rno1ecu l i ; r  reLt r rangement  r e ; : c t i o n s  i s  t i le  tilore 

i n t r i ; ; u i r i g  one  s i n c e  2 1 1 1  ener ;y l e v e l s  of t h e  r e a c t i n s  1110- 

l e c u l e  ,&re d i s r e t e  .md non-de::ener,.te. 'Lhe for t l iconi ing  

trecLtinent can e ' t s i l y  be s p e c i L d i z e a  t o  monomulecular de- 

c o m p o s i t i o n  r e a c t i o n s .  I L also c o n t t t i l L s  t h e  sl jecial  case 

of i n t e r n a l  v i b r a t i o n a l  relax t t i o n .  
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T o  t h e  knowledge of  t h e  a u t h o r ,  t h e  o n l y  t rea tmet i t ,  

o f  i n t r a m o l e c u l a r  r e a r r a n g e m e n t s ,  d i f f e r e n t  f rom t h e  scheme 

u s e d  f o r  monomolecular d i s s o c i a t i o n  r e a c t i o n s  w a s  g i v e n  by 

Golden and Pe iser4)  who based  t h e i r  approach  on t h e  r e p e a t e d  
random p h a s e s  a s sumpt ion .  S.  Golden 5 )  also f o c u s s e d  a k t e n t i o n  

4 )  S. Golden, A.M. P e i s e r ,  J .  Phys. dnd.Coi l .Che i~ i . ,  & v  - - -  ,789 ( ~ 5 1  j 

>)  S. ho lden ,  S u p l , l .  Nuovo Cirnento,2,  540 ( 1 9 5 7 ) ,  3 , 3 3 5  (1960)  
and p r i v a  t e c oniinuni c a t  i on 

on t h e  p r o b l e m  of how t o  u n d e r s t a n d  t h e  i n t u i t i v e  concep t  

of chemical  s p e c i e s  i n  ternis of  quantum mechanics  which i s  

of pr ime impor t ance  f o r  t h e  p r e s e n t  case.  

I ri t ranio 1 e c u 1 a r r e  a r r ari$;emen t r e a  c t i on s re p r s en  t a p r o b 1 e m  

by i t s  own n a t u r e  i n  s t a t i s t i c a l  r n c  ch;  n i c s .  The systcrns  w e  are 

d e a l i n s  w i t h  have  a c o m p a r a t i v e l y  s m a l l  nuiriber of d e g r e e s  of 

freeuorn s o  t h a t  some o f  t h e  a s s u m p t i o n s ,  g e n e r a l l y  a z r e e d  on ,  

f o r  t h e  d e r i v a t i o n  of  a master e q u a t i o n  do n o t  h o l d .  Fu r the r ino re ,  

i n  c o n t r a s t  t o  tlie m a i l l  goal of t h e  s t a t i s t i c a l  mechan ica l  t rea t -  

nrenL of o r d i n a r y  s y s l e m s ,  e x c e p t  t i l o se  w i t h  m a g n e t i c  r ielcis,  

where one c a l c u l a t e s  the t imej lependence o f  t h e  d i a g o n a l  e l e m e n t s  

o f  t h e  d e n s i t y  m a t r i x ,  we are  e x c l u s i v e l y  i n t e r e s t e d  i n  thc 

non-diagonal  e l e m e n t s  

d e r i v e  w i l l  be  non-homogeneous ( r e f l e c t i n g  the f a c t  t h a t  t h e  

i n i t i a l  d e n s i t y  m a t r i x  d o e s  n o t  commute w i t h  t h e  u n p e r t u r b e d  

Hami l ton ian  7 i o )  arid t h e  s o l u t i o i i  a t  v e r y  l a rge  times w i l l  

s h a p e  i n t o  a d i a g o n a l  d e n s 1  t y  makr ix .  The r e l a x a t i o n  t i m e s  

for the non-djagonal  m a t r i x  e l e m e n t s  t o  d i s a p p e a r  c a n  t l i e r i  be  

r e l a t e d  t o  i n t e r n a l  v i b r a t i o n a l  r e l a x a t i o n  and tlie rate of 

i n t r a l n o l e c u l a r  c.kieiiiical change .  i(ates of r e a c t i o n s  c a l c u l a t e d  

on t h e  b a s i s  o f  a p u r e l y  i n t e r n a l  r e l a x a t i o r i  inecharlisrn, will be 

mean ingfu l  as ion?: a s  t1ie r e l n x a t i o i i  t i m e  o f  t h e  u n p e r t u r b e d  

s y s t e m  unde r  the a c t i o n  o f  o u t e r  c o l l i s i o n s  i s  l o n g  compared 

w i t h  t h e  t i m d f o r  r e l a x a t i o n  by t h e  i n t e r n a l  p c r - L u ~ * h a t i o n .  

of 9 ( t ) .  The m a s t e r  e q a t i o n  WE' arc t o  
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ino leculcs  ? ~ I ~ M ~ ,  M V 3 ,  . . ., > I , ? . I ~ P . I ~ ,  F\I $1 PI,,, ..... e t c . )  

also i ~ i e a s i i r ( ~ n i ~ n t s  wlii ch w i l l  cornplc>tfl the  quantum ti1echiirlic,il 

inKormat ion ,  s o  t h a t  an i n i t i a l  d e n s i t y  m a t r i x  

d e t e r in i 11 ed . 

1 -  L 1 1 ,  :I nd 

i s  uniqucily 
s o  

1'11y two cl i t~r i t ical ly  r c l e v a i i t  measurenients inus t ~ ~ r i ; t b l c ~  

u s  t o  u is t i r i t ;u i s l i  betwt.cn a t l e a s t  two c-iiriiiical b p c c i c s .  

Now froiii p h y s i c a l  i r i s i  : l i t  i t  is known that clic~inical s l ) c ' c i e s  

m a y  a l w a y s  b e  char , ic t  e r i z e t i  by the a t o m s  ( o r  i o n s )  o u t  of  

which t1it.v (-:in b c  thou::lit t o  be b u l l t  up ,  f u r t h c r m o r c  by thc31r 

"chemica l  s t r u c t u r e "  which u s u a l l y  r e f e r s  t o  a cc.r.1 a i r ]  

ranee f o r  t l i p  r e l a t i v e  1)osi  t i o n s  o f  t h e  rluc-lei. " C h e i n i c a . I  

s t r u c t u r e " ,  however, m , i y  a l s o  be> understood i i i  a bro<tclc~r 

s e n s e ,  cornpx-isinz e l e c t r o n s  l o c a l i z e d  w i t h  r e s p e c t  t o  some 

o f  Lhc n u c l e i ,  tliu-, ,!llowin:; i o n s  o r  even 1 0 ~ ~ x 1  e x c i t a t i o n s  

t o  a p p e a r  as a clieniical s p e c ~ . v s .  We mkiy i c l c c r l i z P  any  + v t .  

of  measur-ctiic-.rits-ti,r t ie t t~r i t t i i l i i tg  cIieinic;tl s t r u c t i i r ~  by a 

b i 11:; 1 e ob s c rvrLl) 1 e 'I tori f' 1 cu r a  t 1 on" , (1 pno t cd by ., b'or o u r  

p u r p o s e s  it. i s  riot necess.lry t o  i n t r o t i u c e  i n e a s i i r s i i i ~ . i i t s  

of t l i e  elenieiit:try c o m p o s i t i o n  ( i i i i m b ~ r s  o f  ( . l tbctrons a n d  atOitli(. 

r1 u c 1 e i ) e x p 1 i c i t P 1 y . 
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w l i e r e  

and simil<ir equations f u r .  11. 
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z I 

s p a c e  P'Liiicj 'K are 

Idr7and ldz)are  so s t i . o n g l y  l o c a l i z e d  i n  t he  ret5ion of' con- 

f i g u r a t i o n  i o r  11 r e s p e c t i v e l y ,  one configut- ; ! t ion o p e r d t o r  

p r o j e c t i o n  o p e r a t o r s .  Moreover,  s i n c e  

w i l l  be t h e  o r t h o g o n a l  conipleiiient o f  tile other. 'I'hus 
;y= = 2 - xr 
t r ( J ( "y )  i- r'.(X"p ) = I 

and 

Esplicit c o n s t r u c t i o n s  of z,, , x:, X I a n d  R'wiI.1 ;JC! qi-  

, 
r 

ven i n  c h p t .  3 .  I 

A t  t he  i n i t i c : l  time t = O  a n  ensern~)1e o f  nto1c:cules s l i , i l l  

e x i s t  (is cliemical s p e c i e s  1, i . e  i t  i s  represerited bv  a t i e n -  

s i t y  m a t r i x  which i s  d i a g o n a l  i n  t " e  ei6:enrcT,resentntion 
fo 

of Iw3 and q* , =L'10(,> 31 1 ,  co(zI,  
f@ o(z 

T h i s  i n i t i a l  d e i i s i t y  w i l l  now tiecn) i n  two w a y s :  

1 ) le,ika::e th rougl i  tlie ba r r i e r  betweeii c o n f i s u r a t i o n  1 

and I1 by t u n n e l  - e f f e c t  

arid 

2)  t r a n s i t i o n s  caused  by t h e  p e r t u r b a t i o n  v. 
e ru A c h a r a c t e r i s t i c  t i m e  t icnoted by C ,  arid C, , ccin bt> r t x l : t t ( ~ t f  

tc? bet!? =f t ! i Z s u  p iucesses .  i n e  t i m e  Tm a v a i l a b l e  fo l .  tile 

measurement of ?<I and E # ,  i s  t l i e r e f o r c  l i r i i i t ed  by 

.... / 

1 
zinc1 

. 'Lo be s u r e  t h a t  o u r  ensemble  has n o t  chan!;ed cons i t f ( t r -  

i th ly  d u r i n g  t h e  measureinent w e  have  t o  make Tw & & ( K , i q )  
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above t h e  barrier between c o n f i g u r a t i o n s  I and 11. hie 

shall e x c l u d e  t h i s  i n t e r e s t i n g  case h e r e  s i n c e  i t  i s  beyonu 

t h e  scope of chemica l  k i n e t i c s ,  asstiming w-' '* &E& ) 

where 1.: is an e n e r g y  O X  t i le  order of the  h e i z h t  of  tfle 

b a r r i e r  betweerr re:;ions I and KI. 
at 

For n e a r l y  all chemica l  s y s t e m s  one c a n  rep lace  2t: 
by two dependen t  measuremeiits ,  gr and 3:. E* r e p r c s e n t i n $  

the e l e c t r o n i c  s t z t e  of t h e  s y s t e m ,  its e i~ .~;en-v- :+lue> e la- 

b e l l i n g  s e t s  of' e l e c t r o n i c  quantum n u m b e r s ,  whereas B: 
d e n o t e s  t h e  o b s e r v a b l e  related t o  the v i h r o n i c  enerzy attri- 

b u t e d  t o  t h e  e l e c t r o n i c  s t a t e  e. gr . rid ,f?~comnute f o r  a t  

l e a s t  most s y s t e m s  o f  chemica l  i n t e r e s t . , x o r e  frequcntly, how-. 

ever ,  w e  shall f i n d  t l x i t  and , tlie corresy)ondin,; ope- 

r a t o r s  f o r  t h e  whole systerri ,do not commute. 'ihen Born-Op- 

penheimer  s e p a r a t i o n  does n o t  h o l d  and t l i e  ensemble of' r e -  

a c t a n t  m o l e c u l e s  w i l l  change its d i s t r i b u t i o n  o v e r  tile elec- 

t r o n i c  states i n  t h e  c o u r s e  of t h e  r e a c t i o n .  C o i n m u t i n $ ;  oi'cr-  

ators,  re lci ted t o  E 
i n  t i l e  fo l lowin f :  way. b e n o t i n . ;  a l l  e l e h o n i c  coordinates by 

x, a l l  n u c l e a r  c o o r d i n a t e s  b y  S and  l e t t i n g  JK and & re- 
p r e s e n t  t h e  k i n e t i c  e n e r z y  o p e r a t o r s  of n u c l e i  a n d  e lec t ror i s  

r e s l l e c t i v e l y ,  tile t o t a l  ! , : m i 1 t o f i i . , r i  i s  (,  111 t i ic abser lce  

and B e  , c a n  nearly alw'iydbe c o n s t r u c t e d  

P - 
of m a g n e t i c  f o r c e s  ) 

= g + -+ LI( . ,x)  
S o l v i n g  

we can d e f i n e  

and 3e= < e d ' l e >  
The diagonal part  of the operator De, g i v e n  by 



- i o  - 

e 

t u r b a t i o n  o p e r a t o r  U on a l a t e r  sta,ye of the t l i e o r e i , i c a I  

t r e a t m e n t  
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3 )  Quantum Theory of lnterni i l  Motion of  biolecule 

D e s c r i p t i o n  of t h e  reaction 1)rocess requires the  c o n -  

s t r u c t i o n  of  it special s e t  o f  e i t ;enfunct ions  f o r  t t i e  intcr- 

n a l  mot ion  of a molecule6). To t h i s  end we s h a l l  make 
_ _  

') see L. Hofacke r ,  1. N a t u r f o r s c h .  16 a ,  607 ( ? 0 b 3 )  

two r e s t r i c t i v e  a s sumpt ions :  

1 )  The whole r e a c t i o n  t a k e s  p l ; i c e  u n d e r  a fixe.ci 

s e t  e of e l e c t r o n i c  qu;tntum numbers. w i l l  

therefore cornwute K i t h  ,a  ;ind Df'. 
2)  only tile a c t i o n  of  c o n s e r v a t i v e  f o r c e s  i s  tt- 

ken i n t o  dccount. I-ience, C o r i o l i s  forces will 

be n e g l e c t e d  dfter i n t r o d u c i n g  a c o o r d i n a t e  

s y s t e m  wnich ,;loves and r o t a t e s  w i t h  t h e  trrole- 

c u l e .  

1 '  " ' ' X 3 X  If t h e r e  are h atoltlic nuclei with c o o r d i n L i t e s  'L 

i n  a coordinate system, r i z i a l y  f i x e d  to t h r l  I r i u ? t . c ; i l r . ,  tkle 

forces  actin!: on t i i c m  w i l l  have a p o t e n t i a l  

uJr (XI,. . . . . . 's3N) 
which c o n t a i n s  t h e  c e n t r i f u g a l  forces and dep-terxds therefore  

on the r o t a t i o n i i l  c1u; i i l tum numbers  3 ;tnd 'Y (related to total 

a n g u l a r  m o m e n t u m  ,ind one of its c o m p o n e n t s ) ,  

The inner mot ion  of t h e  molecule i s  now r e p r e s e n t e d  by wave 

p a c k e t s  movint; on the p o t e n t i a l  e n e r g y  surface . The p t , e n t i a l  

hcis t h e  s h a p e  of two double moulds and the proccss of i nne r -  

m o l e c u l a r  c o n v e r s i o n  takes plc i ce  by the pcissa,:e of wavep.*ckets 

from one mould t o  t h e  o t n e r .  S o l u t i o n s  f o r  the nrot ion of 

waves i n  all r e g i o n s  o f  ttie many-dirnensiori:il p o t e n t i a l  ene rgy  

surface a r e ,  of c o u r s e ,  e x t r e m e l y  d i f f i c u l t  t o  o b t a i n .  R U W ~ V ~ I - ,  

since t h e  wave ~ ~ ' i c k e t s  r e p r e s e n t  t h e r i n , i l  e n e r g y ,  t h e i r  st a t i s t i c a l  
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= o  = 1, 
i s  a s e t  o f  e q u a t i o n s  w h i c h  has t.he p o i n t - s e t  o f  t h r  r(’<i( i : ‘ 7 1  

p a t h  as i t s  o n l y  s o l u t i o n .  ‘1‘iie c o o r d i n a t e  s u r f a c c s  

w i l l  t h e n  i n t e r s e c t  w i t h  t h e  r e a c t i o n  patli. 
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f r ~  t h e  system of skewed i n t e r n a l  c o o r d i n a t e s  

tht .  k i n e t i c  energy o p e r a t o r  i s  

( 7 )  

(ha) w ! t c r e  3N 

(St- . )  nr:d t 8  

. t c  > . t i r ; l ,  f r a n  now on, 

separates 5 f rom t h e  o ther .  coordinates. T h i s  c a n ,  i n  , : ~ n ~ ~ r - a . i ,  

n o t  be obtained, y e t ,  i t  i s  p o s s i b l e  t o  f i n d  a c o m ; ~ l e t i ~  s c ' t  

f o r  t h e  i n t e r n . 1  n u c l e a r  motion of tlie molecu le  w h e r e  the 

e i g e n f u n c t i o n s  h a v e  ttie fbrrn: 

d i s t i n g u i s h  t h e  c o o r d i n a t e  by d e r i o t i n r :  

i t .  tis 5 -It i s  o u r  a i m  t o  f i n d  a comple te  system Tt w h i c h  

f 9 >  

w i t h  t h e  1 ) r o p e r t y  that 

? ( €  . t 7 2 9 . . - * t  7, ) i s  a w a v e - t y p e  r u n e  t i  on  1 n yL, . . . ,? 
b u t  iiot i n  1: 
c e r ' t . > i n  curvntures  of t h e  p o t e r ~ t i a l  

i f  we d e t e r m i n e  

P 

t h e  v a r i a t i o n  i n  f w i l l  befound  t o  clc-pt ' i i ld  o n  - 
~n.er : ;y  s u r f a c e .  

the k i n e t i c  ener5:y operator now r e a d s  

J 
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f 13) 
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. 

ige h-rite t h i s  equat ion  i n  the f o r m  

t h e  IIerzri1toriian is n o w  s113 it up into a r i i : t i i ,  ;>art  and a p e n - -  

t u r b a t i o n  %? 

Assuming that  wave-packets which lead to reaction will 

n o t  deviate much f r o n t  the  reactioz p a t h  we nay expand t h e  

potential i l l  eq.(l3) to second ar<'er" t e r m s  in t h e  arid 

use familiar methods f o r  t h e  t r e a t m e n t  of  small vibrations. 

In  t h e  v i c i n i t y  of 4 po int  on t h e  r e a c t i o n  path with coorcii- 

'7k 

nate 5 the  coordinate s u r f a c e s  

by t h e i r  tangent ia l  planes, 

= const m a y  be substituted 

or i n  m a t r i x  notation 
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After any initial choice of the coordinate surfaces ylk 
in this approximation all G 
of $ only, hence 

ik 
for i , k ) 2  become functions 

Expansion of the potential yields 

The t l k )  will in general not be zero wherefore we introduce 
new coordinates I 

thus that 

and 

Now a n e w  reaction path which may be called the "dynamic 
reaction path" can be defined by the s e t  of equations 

(cf. equs.(6) ) 

Since all this holds for a fixed f we have t o  put 

In equ. ( 2 7 )  kinetic and potential energy can be made 
a sum of square terms by a transformation 
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so t h a t  it n o w  r e a d s  

It can be shown t h a t  in the new coordinate svstern equs.(?O) 

still hold, 
From (22b) and (25) follows 

and with ( 3 0 )  we have 

g = AIfC 
Starting with(32) i n s t e a d  of (22) equs. ( I O )  become 

132) 

'0 ( A =  2,3,--*, k )  



On the other hand,the particular form of the Hamiltonian 

we are making use of was attained by choosing some dl 
which satisfies, according to (22), the equation 

S i n c e A  is non-singular, (33) is fullfilled by putting 

(35) 

We can therefore, in the limit of small oscillations around 

the reaction path, change the -coordinates to the 
without violating the condition (10).  

T 

After al1,we can write the energy En( 5 ) in a more 
elaborate form 

By this approach we have neglected all anharmonicities 
except those which occur along the reaction path .  Undoubtedly, 
in chemical reactions tile anharmonicitfes a wave-packet 
is subject to on its way strei,a!~+, tcwards the aariciie wiil 
in general be more important than those of oscillatory 
motions which can not immextiCately lead to reaction. 

We finally have to Sive a proper definitiort of t l i ~  
H 

one-mould Hamiltonians x;f and xo which one needed to 
construct the initial density matrix s o .  From equ. 

follows the set of curves En( 5 ) 
in the middle of the n-th curve by h,  then we may define 

( 1 3 )  . Let us denote the maximum 
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I 
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; t )  D e r i v a t i o n  of l i e l a x a t i o n  Equa t ion .  
--I._ _- 

13). J.Hajdu, Can. J.Phys. 41, 533 (1963). 
I 
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i 3 7 )  

o r  
0 

( 3 8 )  
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what may be termed the damping form of von Neumann'sequation 
with an inhomogeneous term, the latter reflecting t h e  non- 

commutativity of xe and . 5 
The eigenstates Id> of the unperturbed Hamiltonianxo , 

with 
atoloo = €,Id) 

may form an orthonormal basis of real wave functions 
since we shall be not interested in processes involving 
dissociation of the molecule. The eigenvalues EM will be 
discrete and there are none but accidental degeneracies. 
Denoting 

and changing the integration variabde we can write equ. ( 3 8 )  
in matrix form as 

( 3 9 )  

Equation (39) is nothing but a different form of the von 
Neumann equation and therefore still reversible. I iow-  

ever, w e  expect those terms depending on the square of 
t h e  perturbation parameter to turn out as internal inter- 
actions ( "internal collisions t * )  of the molecule which 
may in some sense give rise to an internal relaxation 
process. Even though equ. ( 3 9  ) itself is untreatable we 
shall try to construct an asymptotic solution which h o l d s  
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f o r  t h e  order o€ mdc;iiitude of t i m e  w l t i c h  is of p h y s i c h l  

i n t e r e s t .  To this b e h a l f  we f i r s t  have t o  s t u d y  t h e  t i r n e -  

scales i n h e r e n t  i n  systeins of m o l e c u l a r  rn.i+;ni t u d e .  

The a s y m p t o t i c  s o l u t i o n  f'[f) w e  would l i k e  t o  esta- 

b l i s h  shall  h o l d  for t of t h e  o r d e r  o f  the rc . laxat ion 

t i m e .  A necessi1ry c o n d i t i o n  for such a y(t)to e x i s t  i s  

t h a t  two c l i a r a c t e r i s t i c  t i m e s  of t h e  s y s t e m  , 

14, I , ,  1 > >  

14) N.R. i3ogoliubov, S t u d i e s  i n  S t a t i s t i c a l  Nc?citanics, 
Nor th - l fu l l~ tnd ,  A m s L e r d c L i l i  19o;'.p. 1 .  

1 5 j  L. V a l l  Hove, Lrt t h b o r i e  d e s  gaz n e u t r e s  e t  i o n i s & s ,  

L e s  iiouches 1358; Ilermanri, I ' a r i s  1 9  j0,p. 1 7 1 .  

16) L. Van Hove, N i j e n r o d e  c a s t l e  1961, p.157. 

a n  a t o m i c  t i m e ,  ?&, and a t r a n s v e r s , . l  t i m e , ? &  , :>re or e n t i r e -  

ly d i f f e r e n t  o r d e r s  oi magnitude.  If o u r  p h v s i c a l  i n t e r e s t  

i n  t h e  sys t em,  c h a r a c t e r i z e d  by the e x p e c t a t i o n  v a l u e s  we 

w d n t  t o  c a l c u l a t e ,  r e q u i r e s  a t i m e  af the order o f  inagrlitudc 

and 

( 4 0 )  T& c'q 4q& , 
t h e n  c e r t d i n  s i m p l i f i c a t i o n s  can be made w i t 1 1  ec;u, 

which may d l o w  u s  t o  e s t a b l i s h  the a s s y m p t o t i c  form of j ? ( t j .  

In fact, for c h e m i c . t l  pur l loses  we sl ial l  concenti-ate 011  a 

t i m e - s c a l e  on w k i i c h  rnnyor chanr:es in nuc lecir c o v f i  < : t i r a t ion  

( 39) 

w i l l  take p l a c e .  Shou ld  t h e  s y s t e m  ife such  th , i t  i t s  :IS- 

s y m p t o t i c  b e h a v i o u r  can  i n  some sense b e  d e s c r i b e d  ' I S  a 

r e l a x i i t i o n  process, t h e n  Trundoubtedlyhas t o  be of the order 

of the r e l a x a t i o n  t i m e .  

i t  i s  v e r y  s i r n b ) l e  t o  i d e n t i f y  'Z& and 5, for .i mole- 

c u l a r  sys tem.  z;t w i l l  be t h e  averw;e over t he  r e c i p r o c a l  

d i s t a n c e  between occup ied  l e v e l s ,  
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hhi i reas  i s  t h e  a v e r a g e  c i i s t a n c e  %- between occu1,it.d ;id j a c c r i t  

i n t r a1110 1 e c1i1 a r conv e r J i on , 

E s  ; i m a t i o n  of  ‘2& r e q l r i r e s  t h e  knowledge o f  tlie d e n s i t y  o f  

s t a t e s  i n  t h e  s a d d l e  r e g i o n .  Us ing  t h e  harmonic  approx i i r i a t lon  

a c c o r d i n g  t o  equ.  ( 3 6 )  and extendin,r:  i t  by assumliic; 

M 

Thc: number o f  s e t s  

i s  approx ima te ly  ( n e g l e c t i n f :  t h e  z e r o - p o i n t  cnet.$;y i n  t k l i  S 

e q i i a t i o n  j : 

In,,. . .. .,nM$ , f u l f i l l i n s  e q u .  (4.1 ) ,  

k: I -& ==&A 
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L e t a  be t h e  a v e r a g e  d e n s i t y  of s ta tes  i n  m o u l d  I. of  eacfi of 

the curves En( 5 ) ,  Then t h e  d e n s i t y  01' s t a t e s  over  tile 

saclclle i.eg:iull W i i i  be 

Assuming -3ri a v e r a z e  r a L i u  

anu a l e v e l  c i ens i ty  I .  

we have 

and  t i i i s  L i m e  will be  very  large i n  coruparison w i i i i  't.,t and 
-I 3 . F o r  M = 12, zit, 59 x e  ilave = I O  at.u. ( ~ o - ~ s e c ) ,  

.io2'ai..u. i io 4, sec) * " t ~ 9 a t . u .  i 10" s e c j  r e s p e c t i v e i y .  

These  nuiriuers i n d i c a i e ,  t h a t  c o i i u i i i o n  \ 40 ) wiii ue 

vel  y w e l l  f u l l  ill& by molecular s y s  L e r r l s  vi cheruicai signi-  

f i c a n c e .  I t  is importanL t o  n o t e  t t i a t  C'VLII ior sysLeiirs w i ~ h  

a small number of d e g r e e s  of free<:om L i i p  l e v e l  d e n s i t y  i s  so 

h i g h  diat  tne  u n c e r t a i n t y  r e l a t i o n  w i l l  play a part t h r o u g h o u t  

t h e  p r o c e s s ,  ;is t h e  e i g e n s t a t e s  of t i l e  u n p e r t u r b e d  I iar i i i l tonian 

can n e v e r  a p p e a r  s e p a r a t e d  w i t h i i i  L i m e s  of t h e  o r u e r  of  vr 
The v a r i a t i o i i  of the m a t r i x  e l e m e n t s  x4p o f  a n  o b s e r v a b l e  

w i t h  4 and p , where o( i s  a s t a t e  o u t  o€ a n  e n e r g y  i n t e r v a l 1  

A Ea and 

A E ~  are of  t h  o r d e r  q-' o r  smaller. T h e r e f o r e  w e  shall €iricl  

i t  s u f f i c i e n t  t o  e s t a b l i s h  an a s a y m p t o t i c  s o l u t i o n  

(3 o u t  of 4 E b ,  will t h e n  be i r r e l e v a n t i f '  AE dnd a 
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t i l e  c1iar::ct t ’ c  1 s t 1 L‘ P ’  which also v a r i e s  slowly w i t h  E.% and E 

r a n g e s  o f  cklanse beCing de te rmined  by 9 arid the 1 1 i a O a . ~  k. 

e 1 eiiie r i  t s v4p . To this e i i u  w e  t a k e  st:veral f o r n i s i  s t c . ; , ~ ,  

s t a r t i n g  f r o m  equ .  ( 39 ) .  

0 

w i t h  ~ iurnuers  o f  s t a t e s  ,c:, , g 2 ,  . . ,a,, . . . , iTb, . - W f J  ! I ’<!Y 

av  c’ rage $ o v e r  t h e s e  i n t e r v a l s ,  h r i t i n g  
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exept t l i i l t  one o s c i l l a t o r - f u n c t i o n  con ta ineG in la("> has  one 

node more whereas  another one has one node less. Thus ,  ei- 
ven some Xp , w e  may s e l e c t  a l<lrge number of m a t r i x  ele- 

ments w i t h  *a wiiich d i f f e r  only s l i g h t l y  f r o m  e a c h  oLller.  

biilce coilti it iulrs ;E) and ~ 3 )  are e a s i l y  i ' u l f i l l e t i  by CIIOQS-  

ing A€& s u i t a b l y ,  tlie avera::e 'kp may be c o n s i d e r e d  a slow- 
l y  v a r y i n g  f u n c t i o n  of i2 

Now w e  may sum equ. ( 3 9 )  o v e r  a l l  ~ ( B Q  and p b .  
Using  the notat iuu 

- 
v a l u e s ,  ending up w i t h  

i 4 2 )  
0 A 

J e 

Equ. 
a n  a s y m p t o t i c  s o l u t i o n  ff). More i r i s i t : h t  i n  the n'4ture  o f  

tLe s o l u t i o n ,  however,  can be gained by the procedure used 
i n  t h e  f o l l o w i n g .  

( 424 ) ,  as i t  s t a n d s ,  m a y  b e  t r e a t e d  i ' u r t h e r  t o  find 
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S i n c e  Tr and Tb, f o r  M O S ~  m o l e c u l a r  s y s t e i m ,  arc. o f  suc.11 , ?  

d i f f e r e n t  magni tude  t h e r e  may be a n  even  c o a r s e r  c o r i t r ; ~ c -  

t i o n  o v e r  t h e  e n e r g y  s c a l e  for t h e  a s y m p t o t i c  de1isit.i  

n i a t r ix  which n e v e r t h e l e s s  w i l l  l e a d  t o  t h e  s lnic' e.y.t.t:<- 

t i o n  v a l u e s .  Havine ciioosen a d l v i s i o n  of  Lhe t b n c b ~ ' ! ; \ i  -,c<.I I ti  

i n t o  i n t e r v a l s  bE which a re  as small its possible by o r - ~ ~ ~ r  

of m r g n i t u d e ,  w e  may f i n d  a c o a r s e r  d i v i s i o n  i n t o  i n t c>rv . i i s  

LE", 
t h e  f o l l o w i n g  way. L e t  t h e  i n t e r v a l s  be 

s u i t a b l e  f o r  s i n i p l i f i n g  t h e  s o l u t i o n  o f  equ. ( 42, } I r t  

c o n t a i n i r ~ ~  a n  e v e n  lkjrger number of  s t a t e s  

G , ,  G Z ,  ...) G n ,  ..., G B , .  0 

s o  t ha t  

A 

i s  a large number 
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From the Conditions~ the requirement B 3 )  will normally be 
the most restrictive one, thus  determining6.E’. We shall be 
able to construct an assymptotic density matrix Y I t ) ,  where 

Our method is somewhat similiar to the use of coarse-grained 
lt) will not vary appreciably with aEA EA and /3 EB. fb 

densities in classical statistical itcechanics. 17. jd .  19 )  

17) P. Ehrenfest, Collected Scientific Papers, North Holland, 

18) D. Ter Haar, Hev. Mod. Phys. - 27, 289 (1955) 
19) N . G .  Vau Camyen, Nijenrode Castle 1961, p.  173 

Amsteraam, 1959, p. 213 

rrthe first two terms on the s i A  b33 If we s u m  equation (42) over 
right hand side can simply be written in terms of the i n d i c e s  

4 , B , C ,  whereas the collision terms can be given further 
treatment. Let us look in detail at the first collision 
integral;  the others can be handled in analogous way: 

Expanding 4 (t-r) under the  integral-sign in a Taylor-series 

we have to eLaluate the integrals 
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The Tk can  be generated out  of each other  by d i f f e r e n t i a t i o n .  

S ince  CdFBt$f 
can b e  r e a d i l y  seen ( 

of  i n t e g r a t i o n )  that  the upper l i m i t  i n  the  i n t e z r a l  (4-9) 
may be taken iiif i t i l  te. Then w e  have 

for nearly  a l l  terr.is under. the  sul l l  l n  (43)  i t  
introducing T’=dCsT  as a new v a r i a b l e  

> Ejt I 
0 , C Q  = {; h f; c €2 <E-- 

t.L3 4 Ec %e yo = 0 , C ~ z )  where 

37yL Yo = i A F I  p+ 
3 

“.‘a% 
4 denoting t h e  p r i n c i p a l  v a l ~ ~ c ,  

or 

c +5)  

Furthermore 

and ,k - I  

& t d )  can also be represented by + 
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Tnt: colliaon term ( 4 3 )  ban now be w r i t t e n  as follows: 

Whe1.e W = E- .I EU w a s  introduced as new inter:ration 
vari a b l e .  

C 

We can n o w  show that the r,:tio of t w o  consecutive 
terns of the k-sum i n  (48) w i l l  be  small. 

The G, - integral in { 48) has t r i e  general fortn 

rq 

i 49) dk = I d . )  F(d1 $Jw+DE’, d) 

-5 
Where F( c3 ) is slowly varying w i t h  6). It is easy to see 
that the ratio b e t w e e n  the terms w i t h  k=l and k=O is small. 

hie have 
00 
I .  - -  I_ 

n 
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E'( r j  ) call be ex tended  a n a l y t i c a l l y  o u t s i d e  t k : c h  ,.ea1 a x i s  

S i n c e  i t  i s  p r o p o r t i o n a l  t o  t r a n s i t i o n  m a t r i x  e le ir ients  VTIF) 

we rnay a l s o  assume that  F (  d ) va i i i shes  suf f i c i e r i t  l y  s tront; 

at the i n f i ~ i i  t e  p o i n t .  l . 'ur thermorg E: i s  S T )  large compared 

w i t h  A F;' 

Then,by ( y b  ) arid 

B 
that: tAie lower  l i m i t  i n  ( 49 ) car1 u e  r e p l a c e d  by  UO . 

06 

J- - .d tJ  = J - - -  dLd) 

G - E- 
t h e  i n t e g r , r t i o n  t a k e n  alor ig  -00 t o  +& a n d  e n c i r c l i n ( :  t h ~  

p o s i t i v e  i m a s i n a r y  ha l fp l :me ,we  have  

S i m i l a r l y ,  w e  f i r i d  1.1y ( 97 ) 

c 
ct 
r, 
c_ 

I'1 0111 tile p r e v i o u s  a s su inp t ions  t h a t  t h e s e  f u n c t i o n s  are 
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e x p a n d a b l e  i n  power s e r i e s  which d e c l i n e  r a p i d l y  outside t h e  ' 

c i r c l e s  o f  radius rr and EA r e s p e c t i v e l y .  

Uur sys t em is t h u s  big enough to n e g l e c t  h i g h e r  order 

t e r m s  i n  the e x p a n s i o n  of y ( t  - T ) ( f o r  i n f i n i t e  s y s t e m s  

see E. M o n t r o l l s  13' t r e a t m e n t ) .  These  a c h i e v e m e n t s  shall 

i l l low us t o  rewrite equ, (+2) for a n  a s s y m p t o t i c  a e n s i t y  

matrix, d e f i n e d  o v e r  tile c o a r s e r  eriergy scale A E'. 
S i n c e  a l l  f u n c t i o n s  o c c u r i n g  i n  t h e  c o l l i s i o n  t e r m s  a r e  smooth 

enough, 9. f rom equ. ( 4 2 )  may be  r e p l a c e d  by 

'the i m a g i n a r y  p a r t  of 4(LJ,,> w i l l  g i v e  r ise  t o  a r e n o r m a l i -  

zation o f  the e n e r g y  l e v e l s  which h a s  l i t t l e  e f f e c t  on t h e  

a s s y m p t o t i c  solution. W e  shall, for t h e  sake of s i m p l i c i t y ,  

leave out t h e  p r i n c i p a l  value i n t e g r a l  r e p l a c i n g  cf+ (4) by 

J. &d) 2J 
We t h e n  end up w i t h  

I 
where  t h e  S Z  r e p r e s e n t  ordinary Kronecker  symbols .  Equ. (50) 
is a m a s t e r  e q u a t i o n  w i t h  a n  inhomageneous t e r m ,  
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e 

- 
N o t e  t h . i t  vwp i s  a r e a l  s y m i n e t r i c  m a t r i x ,  just l i k e  Ka i l ; s e l f ,  

since t h e  basis  we ore u s i n g  c o n t a i n s  real  b o u n d  f u n c t i o n s  

or11 y . 
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I t )  The C h a r a c t e r  of  the S o l u t i o n s  

E ~ J u .  ( 5 l ) ,  by v i r t u e  o f  i ts inlic>mogenBous term, mC1> so- 

l u t i o n s  w h i c h  behave o s c i l l . l t o r y  ‘it i n f i n i t e  t i m e s .  I t  i s  tht 1.p- 

f o r e  n e c e s s a r y  t o  p rove  t h a t  R r e l . . x ; i t i n f :  a s s v m p t o t r c  si)lJit l(>T: 

Q(t) e x i s t s  which f u l f i l l i  t h e  r e q u i r e m e n t s  A a 1 1 d  I3 bk :s t -v( i  i n  

chpt .  3 .  2 1 5  main re, s o n  i’or ;i r e l ; i x a t i n , y  g(t)  t o  e x i s t  wi’ s l j < : l l  

find t h e  smoothness of f, over t h e  encr;;y s c < i l e ,  w i t i i  c 3 t t i v r -  \+(-irds, 

t h e  c o n d i t i o n  t h a t  the t i m e  2;, , a l lowed  f o r  pr-ep:tr<ttion of  t l t c  

i n i t i < t l  s t a t e ,  h IS t o  be stlcli t h a t  yw4< pr . Lf W P  c o u l d  ! > I - (  i),:re 

i n i t i , i l  s ta tes  i i t  ‘.n . i r b i t r a t y  way we niight w e l l  be a b l e  t o  ch005e 

s u c h  t h a t  t h e  a s s y m t o t i c  r ema ins  o s c i l l a t o r y .  9, 
*, l h e  fiomo:;erieous p a r t  of eclu. (51 ) his io be t r c ~ a t c ~ t i  f i I-st. 

’10 t r i a t  behalf we hiive t o  i nvesti:<::te t h e  u n d e r l y i n g  eigenvalue 

problem, 

“his o p e r a t o r  equ i i t i on  m ; . y  now be t u r n e d  i n t o  :i m;i t r ix  e q i i : i t i o ~  

b y  i n t r o d u c i n ; ;  b a s i s  {/&>]. C o n s i d e r i n z  t h e  smoothness  of & p  
over e n e r g y  i n t e r v c i l s  AF‘ one s h o u l d  keep  i n  mind t h a t  the el- 

genvalue-problem (53) over the b a s i s  { i*>f  c:?n r e a d i l y  be con- 

t r a c t e d  i n  t h e  s a m e  w . - y  as equ (30)  was summed :tnd snioot t ie~j  

o v e r  a11 ~ E Q  <rnd $e b , respect ive ly  :til A ::nti h t  B . ‘ihe 

D L I S ~ S  {I. ‘>] is used here fur s l t r l p l i c i t y  of w r i t i n g  o n l y .  ! / . C > j  

m a y  be t r u n c a t e d  t4) f i n i t e  s e t  by e l i m i n a t i n g  a l l  / d 7  with 

t, >F& 9 where 
d e n s i t y  of t h e  l e v e l s  i s  n e g l i g i b l y  s m a l l .  

- 

L F,,, is a n  e n e r g y  above which t h e  o c c u p a t i o n  
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111 t r i < , t  case w e  h. .ve to dei’ine t h e  i r i r i c i r  p r o d u c t  its 

J 

N o w  w e  can s l J o w  tile fo l lowing:  

19, 
Let f b e  :my syriimetric e i : ,enmit .r ix ,  t i i en  

term will be zero, since 3” i s  syrrirric?tric 
- 

o r  

rurthermore,  froin 
A. 

follows 
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The condition v $ c  for a l l  o( a n d a  i s  not a very strong one 
..L - “‘P ! 

since u is  an average over a large number of states.  Even if many 

of the v should be exactly zero by symmetry requirements I 
“(r? 

be  different from zero. 

Hy ineans  of 1-1 and 1‘2 it is also e < . . ; y  to S ( > P  t f i : s t  

the  e i g e n v a l u e s  X? , belonging to non-diat50n:!l ei:.;tzn- 

matrices :.{re non-dezeneriite and t h a t  a n y  two sucl-I a re 
linearly independent.  

The homogeneous equ..tion (51) w i l l  then have the s o l u t i o n  

W d  eXsf p = zy 9 0 

are uniquely  determined by . ,  namely Po where the d, 
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The ~ - - s i i i n  can he corivertctl  i n t o  :in i r i t e 8 : r : j l  x - c . a d i  l y .  

3 ,  i s  a r ea l ,  symmetr ic  m a t r i x ,  t h e r e f o r e  

i 55) 

= 0. I 

As one m i s t i t  have e x p e c t e d  bef oreh,cnd t h e  o c c u p a t i o t i  of' t l l c  , 

e i{ :ens ta tes  o f  E o  i n  t h e  enseiiible d o e s  n o t  ch,tnt:e i n  t,irne 

s i n c e  there a r e  I I O  e x t e r n ,  1 c o l l i s i o n s  .ind w e  ;tre tic.: .Il inf: 

w i t h  the time-assyntptote 01' t h e  d e n s i t y  m a t r i x .  I 

F o r  o b t a i n i n g  the s o l u t i o n  o f  the inhorno~yenr!ous e q u ~ i t i o r i  

we have t o  expLtnci the in1ioino:;enoous I ) a r t  i n  terriis of t l i p  t ' i c ; f ' i i -  

i n a t r i c e s  f') AS t ~ l e  d i a g o n a l  p'1x.t of t i l e  inliomo,;eiieous t . < S i . l t l  

YL-4 ' contributes only to  the constant 
the non-diagonal part of this term, thus having non-symmetric matrices in tEic 

expans ion : 

we can confine ourselves to expandin2 
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- A  

and the ,:djoint deterrnin-!nt o f  L) by U'" , w e  c , * a  ~ b t % : ~ r l  fhcff) 
f r o m  e q u . ( 5 7 j  by 'T 
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or 

0 I 
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We t h e n  ex tend  t h e  inteo,r:tnd a n a l y t i c a l  l y  'In(! c l o s e  the i n t e ~ r i i l  

i l c i t h  C by e n c i r c l i n g  the net;:! t i v e  i , i i a f= inary  half-plane c lock-  

w i s e ,  coiltin:,. back t o  the point-@t?)t w h i c t i  i s  of t h e  o r d e r  

i n f i n i t y  unaer tlie o u t e r  intet5rdl .  We obt:rin 

c 0 

T h i s  shows t h a t  the ternis i n  the  second s i i m  o f  (58) are in r leed  

damped expo r i  en t i a 1 1 y . 
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3 j C o n c l u s i o n  

ke w c ' r e  , I ~ J I C  Lc) ( i e r i v e  a m a s t p r  e q u x t i o n  for 'in en- 

s emble  o f  i s o l i ' t e d  molecules. I t  should be bo rne  i n  mind,  

however, that the s t : i t c m e n t  o f  e q u i l i b r i u m  for t h e  ir io1c.-  

c u l a r  systern by soiiie k i n u  oi exper imer i t  1 s bourlu to , t  L i i ! ~ c '  

s c a l e  T' oi' L i i e  orLer Y 
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$“E I 

w e  could use 

as a rate c o e f f i c i e n t .  

According to  the o u t l i n e  in chpt .  2 1 he cmiyjlete eupres- 

s i o n  for t h e :  rate w i l l  be 

and 

so that 

H by equ. ( 3 0 )  i s  ~t real quant i ty  because tile eiC:eriv;t:ue.s 

appear p a i r w i s e ,  i . e .  i f  2- i s  an e igenva lue  i s  <+lso one. Q 
F i n a l l y  w e  may study tile mechanism i n  an i n t r a i n o l e - u l a r  

convers ion r e a c t i o n  iuc tud ing  v ibrat ion-11  r e l a x a t i o n  LLl’ter 

extc-rnal c o l l i s i o n s .  ‘1liou::h we d i d  n o t  inc lude  c x t c l r n a l  

c o l l i s i o n s  e x p l i c i t e l y  i n  the d e s c r i p t i o n  of the r e l a x t i t i o n  

p l w c e s s  w e  can make u5e of t h e  master equation ( 2 1 )  :’or the  

period betweer1 c o l l i s i o n s .  I f  t h e  d u r a t i o n  of an ckxterlml 

c o l l i s i o n  i s  s h o r t  compared with t h e  time between c o l  lisio:is, 

1 by r i  SPt 
go 

, w e  may a s a i n  s i t ec i fy  an  i n i t i a l  d e n s i t y  L U  
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40 

beirq-j tlie one tfefinecl i n  cl ipt .  2 and  t h c  r e l a x a t i o n  1 i r t ic .  

for t h i s  p r o c e s s  may be used  to d e t e r m i n e  the o r d e r  of‘ 
Y O  

t h e  observation t ime  ’tm, f o r  i d e n t i f y i n g  tho i n i t i a l  s t a t e  

of  t h e  s p e c i e s  1, 

‘l’hus, if Z,’ 4 rcolLat ,dq,  what w i l l  u s u a l l y  b e  t i l e  c a s e ,  

a n u  also the c l i a r a c t e r i s t i c  change  of t h e  c i i a sona l  e l e r n p r i t s  

Of 3 by t h e  e x t e r r i a l  c o l l i s i o n s  i s  slow coml)ai.e!tl w i t i t  yr , 
equ. ( 5 1 )  w i l l  g i v e  t h e  c o r r e c t  r a t e  f o r  t h e  i s o r n c r i z a t i o n  

r e a c t i o n .  
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